
PHY 71100: ANALYTICAL DYNAMICS

Problem Set 6

Due December 2, 2024

Problem 1 (10 points)

A solid spherical ball of mass M and radius R is at the

center of the coordinate system as shown. At one point

on the equator is attached a spring (of negligible mass)

which is horizontal, in the (x, y)-plane. At the other end

of the spring is a small mass m. The system can un-

dergo rotations around the z-axis and the mass m can

move by stretching (or compressing) the spring. (Ig-

nore any other kind of motion for the spring.) The La-

grangian for this was obtained in one of the previous

problem sets as
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Work out the canonical momenta and the Hamilto-

nian. Also, obtain the canonical equations of motion.
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Solution

From the given Lagrangian,

pl =
∂L

∂l̇
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∂φ̇
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The Hamiltonian is given by
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As required, we eliminated velocities in H by solving for them in terms of the canonical

momenta. The canonical equations of motion are:

l̇ =
∂H

pl
=

pl
m
, φ̇ =

∂H

∂pφ
=

pφ
(I +m(R+ l)2)

ṗl = −∂H

∂l
= −m(R+ l)

p2φ

(I +m(R+ l)2)2



ṗφ = −∂H

∂φ
= 0

It is easy to check that these are equivalent to the Lagrangian equations of motion.

Problem 2 (10 points)

We consider a cylinder of height h, radius of cross section R, with a wedge of angle 2α cut

out as shown. Obtain the moment of inertia of the object for rotations around the z-axis.

(The cylinder is solid, I show the hollow picture to illustrate the coordinate system.)

Solution

We use the formula

I = I33 =

∫
d3x ρ(x2 + y2)

for rotations around the z-axis. In cylindrical coordinates, this reduces to

I =

∫
dzrdrdφ ρ r2 =

∫
ρ r3dr dzdφ = ρ

R4

4
h 2(π − α)

where we use the fact that the range of φ is from −(π − α) to π − α because of the wedge

which has been cut out. In a similar way, the mass of the cylinder is given by

M =

∫
ρ rdr dzdφ = ρ

R2

2
h 2(π − α)

Comparing the two expressions, we see that the moment of inertia may be written as
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Problem 3 (10 points)

The Lagrangian describing the motion of a particle of massm in a frame which is rotating

with angular velocity ω⃗ was given in class as

L =
1

2
m

(
ẋ2 − 2 ϵijkẋ

ixjωk + ω2x2 − (ω⃗ · x⃗)2
)
− V (x)



Write down the canonical momenta, the Hamiltonian and the Hamiltonian equations of

motion.

Solution

a) In a straightforward way, we find the canonical momenta as

pi =
∂L

∂ẋi
= mẋii−mϵijkx

jωk =⇒ ẋi =
pi +mϵijkx

jωk

m

The Hamiltonian is thus

H = piẋ
i − L =

(pi +mAi)
2

2m
− m

2

(
ω2x2 − (ω⃗ · x⃗)2

)
+ V, Ai = ϵijkx

jωk

The Hamiltonian equations of motion are

ẋi =
∂H

∂pi
=

pi +mϵijkx
jωk

m

ṗi = −∂H

∂xi
= ϵijk(p+mA)jωk +m

[
ω2xi − ω⃗ · x⃗ ωi

]
− ∂V

∂xi

Problem 4 (10 points)

For two particles of masses m1, m2 moving in one dimension, the transformation to the

center of mass and relative coordinates is given by

P1 = p1 + p2, Q1 =
m1q1 +m2q2
m1 +m2

P2 =
m2p1 −m1p2
m1 +m2

, Q2 = q1 − q2

Show that this transformation is canonical. (Hint: Write (P1, Q1, P2, Q2) = (λ1, λ2, λ3, λ4)

and (p1, q1, p2, q2) = (ξ1, ξ2, ξ3, ξ4). Then show that the Poisson bracket of two functions,

say, f and g, is the same using the λ’s or the ξ’s.

Solution

It is useful to have a compact notation. Write (P1, Q1, P2, Q2) = (λ1, λ2, λ3, λ4) and (p1, q1, p2, q2) =

(ξ1, ξ2, ξ3, ξ4). The given relations can be summarized as

λk = Gkiξi, G =


1 0 1 0

0 α 0 β

β 0 −α 0

0 1 0 −1

 , α =
m1

m1 +m2
, β =

m2

m1 +m2

Notice that α+β = 1. We will prove that the transformation is canonical by showing that

the Poisson bracket of any two functions considered in terms of λk and in terms of ξi are



the same. Define the matrix

Ω−1 =


0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 0


The Poisson bracket for f and h in terms of the ξ’s is given as

{f, h}ξ = (Ω−1)ij
∂f

∂ξi
∂h

∂ξj

Now assume that the arguments of the functions f and h are expressed in terms of the

λ’s. Then the expression above can be written by chain rule as

{f, h}ξ = (Ω−1)ij
∂λk

∂ξi
∂λl

∂ξj
∂f

∂λk

∂h

∂λl
= (Ω−1)ijGkiGlj

∂f

∂λk

∂h

∂λl

= (GΩ−1GT )kl
∂f

∂λk

∂h

∂λl

In the last line we used a matrix notation for the product of the G’s and Ω−1. The required

matrix product is

GΩ−1GT =


1 0 1 0

0 α 0 β

β 0 −α 0

0 1 0 −1




0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 0




1 0 β 0

0 α 0 1

1 0 −α 0

0 β 0 −1



=


0 −1 0 −1

α 0 β 0

0 −β 0 α

1 0 −1 0




1 0 β 0

0 α 0 1

1 0 −α 0

0 β 0 −1

 =


0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 0

 = Ω−1

Using this relation we see that

{f, h}ξ = (Ω−1)kl
∂f

∂λk

∂h

∂λl
= {f, h}λ

This shows that the transformation to the center of mass and relative coordinates is a

canonical transformation.


