PHY 71100: ANALYTICAL DYNAMICS

Problem Set 7
Due December 9, 2024

Problem 1 (10 points)
Consider the motion of a particle of mass m moving freely, but confined to the surface of
a sphere. Write down the Lagrangian, the Hamiltonian and then solve for the trajectories

using the Hamilton-Jacobi method.

Solution
The distance between two points on the sphere with infinitesimal coordinate separation
(df,dyp) is

ds? = R? [d92 +sin 6 dcp2]

Accordingly the Lagrangian for a particle moving freely on the surface of a sphere is
L:%u [9.2+sin29¢>2}, p = mR>

The canonical momenta are py = 6, py, = psin? § ¢. The Hamiltonian is thus given by

1 p?
H=pg—L=—|p24+ =2
Pidi 2u [pg sin® 6

The H-J equation is thus given as

s 1 (3S\? 1 9S\?
ot 2u \ 00 2usin® 6 \ Op
We can separate variables using the substitution

S=W—-FEt+lyp

12
W= [do\|2uF — ——
/ # sin? 6

Differentiating with respect to the constants of integration (¥ and /) and setting them to

This leads to

constants, we get

t—ty =

do
#/\/ZuE—(ZQ/siIPH)

L / do o)
S sin2 0+/20F — (2] sin20)




The first integral can be done easily using the substitution

2uE — 12
cosf = %T cos \
The result is
2uF — 12 [2F
cosf = IMQT COS 7(t - t[))] (3)

For [ = 0, these trace out longitudes connecting the north and south poles. Notice that,
from (2), ¢ = g forl = 0. For [ # 0, it is easier to take the time-derivative of (2) and

substitute for 4 from (3). This gives

l
L psin? 6

Using the expression for sin 6, this gives

dA 2F
o= =8 [ e Ayt (4)

Problem 2 (15 points)

Consider a harmonic oscillator with two generalized coordinates and with the same fre-

quency w. The Hamiltonian is given by

1 mw?
H = %(p? +p3) + 7(61% +q3)

Defining p; = /mwP;, ¢; = q;/+/mw, this becomes
w
H=> [P+ QF + P} + Q3]

The Poisson brackets for the new variables are the same as those for the old ones, since
the scale factor will cancel between momenta and coordinates. Define three functions

1

1 1
Ki=3 [Q1Q2 + PPy, Ra2=35 (@uP2 = QxP1], Ks =7

[P+ QF — P§ — Q3]

Calculate the Poisson brackets {K;, K;} and {K;, H}. What conclusion can you draw

from these Poisson bracket relations?

Solution

The fundamental Poisson brackets are



Further, Poisson brackets obey the Leibniz rule
{A,BC} ={A,B}C+ B{A,C}
Multiple use of this relation can be used to simplify the Poisson brackets for the K’s.

{K1, Ko} = E{Q1Q2 + PLPy, Q1P — Q2P1}
= %[Q%{Qm Py} — Qo{Q1, PL}Q2 + {P1,Q1} P3 — Pi{P,, Qz}ﬂ]
= e-a-mer) =K
In going to second line of this equation, we used the Leibniz rule and kept only terms

which could give a nonzero value. Thus terms like {Q1, P>}@2P, have been dropped

since it is obviously zero from the fundamental brackets.

{K2, K3} = é{Q1P2 — Q2P PP+ Q7 — Py — Q3}
_ é Q1. PLYPLPs + Q1 (=2Q2){Po, Qo) — Q22Qu{P1, Q1 } + 2{Qo, Py} PPy

= %(Ql@z + P PR) = K

Ky K1) = L{PE+QF— PR - Q. QuQa+ PiPy)
— % [2P1{P1, Q1}Q2 +2Q1{Q1, PL} Py — 2Q1 Poy{ P2, Q2} — 2Q2P1{Q2, P>}
= %(lez —Q2P1) = K
These relations may be collected together as
{KG, K} = €iji Ky

Notice that these are identical to the bracket relations for three-dimensional angular mo-
mentum, although this is a two-dimensional oscillator and hence it is not directly related

to the 3d-angular momentum.

We can now calculate {K;, H}.

w
{K,H} = Z{Q1Q2+P1P2,PE+Q?+P§+Q%}

% [2P1{Q17 P1}Q2 + 201 P2{Q2, P} + 2{P1,Q1} P2Q1 + 2P1Q2{ P2, Q2}

w
= T[2P@+201P - 2PQ1 - 2P1Q2] = 0



Ko HY = S{QiPr— QuPy PP+ Q@+ P} + Q)

= %[2{621, P1}P Py +2Q01{ P2, Q2}Q2 — 2Q2Q1{P1, Q1} — 2{Q2, R} P1 P

= [2PP - 20102+ 20201 — 2P 2| = 0
Since {Kl, KQ} = Kg,

{K3,H} = {{Ki, K2} H}
= _{{H7K1}7K2} - {{K27H}7K1} =0
where we used the Jacobi identity in the second line,
{{4, B}, 0+ {{C, A}, B} + {{B,C}, A} =0

We have shown that
{Ki,H} =0, {K;, K;} = €K

Since K; have zero PB with H, the transformations generated by the K; are a symmetry

of the problem; i.e., they leave the Hamiltonian unchanged. Further since

OK; .
ot Ki, H}

we see that K are also conserved. We have shown that there is hidden symmetry for the

harmonic oscillator with two generalized coordinates for the same frequency for both

and that this leads, via Noether’s theorem, to conservation laws.

Problem 3 (10 points)
Consider the Lorentz transformation of a vector given in matrix notation as =’ = Lx

where z, 2’ are column vectors with 4 entries each,

T x
2l / 21

= 21’ r= 2
x x!
23 3

and L denotes the 4 x4 Lorentz transformation matrix. For velocity along the z!-direction

I obtained L in class as

[ ~y —vyvi/e 0 0]

L1 _ —yuy/e ~ 0 0
0 0 1 0

0 0 0 1]




1
1—v2/e2’

a) Write down the matrix L(? for transformation along the z2-direction with velocity v,.

where v =

b) Calculate the commutator L(V L) — L) L,(), Simplify the commutator for small ve-
locities, keeping v;v2 term, but not higher powers of v’s. Can you identify the resulting
transformation? (This is related to the Thomas precession which helps to identify the correct

spin magnetic moment.)

Solution

The matrix L) is given as

[ vy —yvi/e 0 0]
L —yvi/c y 00 Y- 1
0 0o 1 0| V1—02/2
0 0 0 1

L®) is similar with z, taking the place of z1, so we get

[ < 0 —'v/c 0]
0o 1 0 0 , 1
y 7=
—y'va/c 0 v 0 V1 —v3/c?

0 0 0 1

2 —

By straightforward multiplication, we find

/

Y —yi/c —yYvz/c 0

e _ [Tu/e v v/t 0
—~'vy/c 0 ~' 0

0 0 0 1]

L —umfe /e 0

@0 _ —yuy /e 07 0 0
—vefe o/ 40

0 0 0 1]

Subtracting the second from the first,

0 (Y = Dyvife —(y—1)vv2/c 0

W@ _ @) — (' = Dryvi/e 0 e/ 0
(y = DYv2fe =y vive/c? 0 0

0 0 0 0




Clearly Lorentz transformations along different directions do not commute. For small

velocities, v ~ 1 + O(v?/c?). In this approximation, we find

0 0 0 0

V@ _ @) _ b2 0 0 10
2 o -1 0 0

0 0 0 o

Notice that the matrix on the right hand side is basically the rotation generator J; theta
we have discussed before. We see that the commutator of the two Lorentz transforma-

tions is a spatial rotation by an angle 63 = vyvs/c?, for small velocities.

Problem 4 (10 points)

Considering light as made of photons, one can use
the relation between energy and momentum of a
photon to describe the propagation of light. This re-
lation is given by p2 — %5 - = 0, where py is the

Hamiltonian. Replacing momenta by derivatives of

the action S, namely, using

oS 0S8

bo o’ bi Ozt

we get the corresponding Hamilton-Jacobi equation

1 (9S\?
L(%) - vs.vs -
In a medium with an index of refraction n(x), this is modified to

Zj(%f)z—VS-VSzo
On a hot day on a tarred road or in a desert, the index n is lower near the surface and
increases to some higher value as we go up, because of the higher temperatures closer to
the ground. This makes light rays going down bend back upwards creating the illusion
of seeing upside down images as if they are reflected in a pool of water. This is the phe-
nomenon of mirage. We can apply the H-J equation to analyze this. Consider modeling

the index of refraction as
n*(z,y) =ng—b’e Y, y>0

Here z is the horizontal direction, y denotes the vertical direction. Solve and identify the

trajectories of the photons or light rays with this index of refraction.



Solution

The Hamilton-Jacobi equation has been given as

n? [0S\
2 (25) v vs -0

Since n is independent of x, we can separate variables in the H-J equation by
S=W(y) — wt+ kzx

This leads to

k
:w/dy«/nQ—oﬂ, o=
(&

w

We differentiate S with respect to the constant of integration k and set it to z( to obtain

dy

T—Tp =
0 /\/n2—a2 /\/no — b2e—2ay

Introduce the variable u = ¢®¥. We write the integral as

dye

I =
/\/nO—OzQ—bZ —2ay /\/n_a2€2ay_b2

a/ V(n2 - a2)u2 — 2
1

2 2
_ ng — a’u
= ——————cosh 1[0 ]

ay/ng — a? b
Using this result, we get the trajectory as

b av/n? — a?
eW=—— cosh |9 —
— a2 o

(x — xo)]

Caution: g is not the initial value of z. Notice that, at x(, y has its minimum value. So xg

corresponds to the lowest point of the trajectory.




