PHY V2500: QUANTUM MECHANICS I

Problem Set 1
Due September 11, 2025

Problem 1

In class I calculated the elements X,,,,,. In a similar way, we define

Py = /0 " oy () (—m ai) o ()

vp(z) = \/E sin(nrz/L), x € [0,L]

Carry out the integration to obtain P, . Also show that P}, = P,,.

where

Solution

Carrying out the indicated differentiation,

P, = (- zh / dz sin(nrz/L) cos(n'rxz/L)

nTm

L
= (—ih) L2/ [sin((n +n')mz/L) + sin((n — n')rz/L)]

_ (- h)nwL cos((n+n')mz/L)  cos((n —n')rz/L) t
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This result applies for n # n’. For n = n/, we have

/

L;T /Lsin(27rnx/L) (— zh) L2 L { cos(27m:r/L)}§:0

Taking the complex conjugate of P,,,,/, we see

P, = (—ih)

N 2h nn/ ,
P =1 gz |1~ (0] = -

2k nn’

an/Q —n? [1 B (—1)"+n } = Pun

Problem 2
Consider the function
Y(z) =Cua sin(rx/L)

which is defined on the interval [0, L].

a) Identify the value of C such that ¢ is normalized, i.e., such that

/Ode*w: 1



b) The function v is square-integrable over the interval [0, ] and vanishes at z = 0, L. So

it can be expanded in terms of the basis {v,(x)} given in Problem 1 as
Y(x) = Z Cn ()
Calculate the coefficients ¢,,.

Solution

a) C is determined by

L 2 L
1= \CQ/O dx x* sin®(rz/L) = ‘62’/0 dx z? (1 — cos(2mz/L))

We note that

o [3 z?sinar  2wcosaxr 2sinax 9 9
= |5 + 5 — 3 =1z° —x” cosax
Ox | 3 a a a

Taking o = 27 /L, we find

1 - IC|? [23 x2sinam+2xcosaac 2sinaz\1"
2 (3 « a? 0

— glﬁ 11
2 3 2n2
This identifies C as )
1 1 1\ =2
C=15 (a B w)

b) From the orthonormality of v,,, we have

as

L 5 L ' .
Cn = /0 dx v, (x)(x) = \/;C/O dx x sin(nmx /L) sin(rx/L)
We can now write
sin(nmx /L) sin(rx/L) = % [cos((n — 1)z /L) — cos((n+ 1)7z/L)]

We then note that

0 |xzsinax cosazx
ox

Using these two results, we find

5 = I COSax
« «

Cn =

C [E:csin((n — 1)mz/L) N Ecos((n — 1)mx/L)

V2L Lm n—1 72 (n—1)2
~ Lasin((n+1)mz/L) LQCOS<(TL+1)7T$/L):|L
T n+1 2 (n+41)2 0

CcL? n 1 1
= -0 [ e




This applies for n # 1. For n = 1, we have, with o = 27 /L,

2 rsinaxr  cosoax L
ca = \/;2/da:x 1 —cos(2rx/L)) = \/7 [2—< - + 3 ﬂo
- CVSL

Problem 3

Consider a Hilbert space and a basis of vectors {|e;)}, i = 1,2, 3, - - -. Unlike what we did

in class, we will not assume that these are orthonormal. Thus
(eilej) = gij
where g;; is not ¢;;, but can be taken to be invertible.

a) Show that the matrix g (with matrix elements g;;) is hermitian.
b) Expand an arbitrary vector in terms of this basis as
la) = a; e:)
i
Calculate the coefficients a; in terms of the inner product (e;|a).

c¢) Using the solution for part b), obtain the completeness relation for the basis {|e;) }.

Solution

a) From the properties of the Hilbert space discussed in class,

(alb) = (bla)®
Thus
gij = (eilej) = (ejlen)™ = g5 = (97 )i = (973
Thus we have gf = g, showing that g is hermitian.

b) Taking the inner product of |a) with (e;|, we get
(ejla) = Zal (ejlei) = Zgjiai
Multiplying by (g7 '), and summing over j, we find

Z(g_l)k]’ <€j|a> = Z( - k]g]lal dezaz = ag

j j7l

Thus ay, = >-;(97 " )kj (ejla), or a; = 3-;(971)ij (¢j]a). Using this in the expansion for |a),

ja) = le) Y (g7 i (ejla) = [ D len) (97 1)ij eyl | la)

i J 0]



Since this applies for any |a), we get the relation
D e (g7 ig (esl =1
1,J

This is the completeness relation when we do not have orthonormality.

Problem 4
We have considered the basis {v,,} as in Problem 1. Now consider a different set of func-

tions defined on the interval [0, L] as

un(x):\/zcos(mrx/L), n=1,2--.

These functions do not vanish at the boundaries. Rather they obey u/ (z) = 0 atz =
0, L. (These are what are called Neumann boundary conditions.) Carry out the needed

integration to identify the integral

L
/ dx up (x) Uy ()
0
Solution
We write the integral as

dx cos(nmz/L) cos(n'mz/L)

/0 e Un () un (z) =

s
/ cos [(n+n)rz/L) —i—cos[(n—n)mf/L]}
L

IR TN

sinf(n + n')ra/L] | sin[(n — n)rz/L]]"
[ n+n' - n—n/ }0 !

This applies for n # n’. For n = n/, we get

/OL da up (@) up (2) = E/OL dz [cos[an:c/L] T 1] —1

Combining these two results we have

L
/ Az up () Up (T) = Oppy
0




