PHY V2500: QUANTUM MECHANICS I

Problem Set 3
Due October 7, 2025

Problem 1

In the discussion of the harmonic oscillator in class, I introduced the operators

a= %:EnL i 5, al =/ 05— ! H
\ 2n b \ 2n S

I also showed that the eigenstates of the Hamiltonian are given by

) = —=(a')"10)

a) Writing # and p in terms of a and a’, obtain the matrix elements of the momentum
operator defined by

P = (m[p|n)
(Do not try to write an infinite-dimensional matriz; use the Kronecker delta to make the
notation compact.)

b) We define the operators
Ry =1i(a"?  R_=1Ll? Ry=da+l

Work out the commutation rules [Ry, R_], [R3, Ry].

c¢) Calculate the matrix elements (n| R+ |m).

Solution

a) From the definition of ¢ and af, we find
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= (a'+a), p=i (a" —a)
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The action of the step-up and step-down operators is given by
aln) =vnln—=1), a'|n) =vVn+1|n+1)
The matrix elements of the momentum operator are thus

Pon = (i) = it/ ™o (mlafln) — {maln)

_ @(\/m T (mln + 1) — v/ (mln — 1))
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b) The basic commutation rule we need is
aa' —a'a=[a,a'] =1
We can also use the rules (worked out in class)

[A,BC] = [A,B|C + B[A,C], [AB,C]=[A,C|B+ A[B,C]

Using these
Ry R ] = 1?0 = (allal )+ [of el
1
= Z(a*([aT,a]a+a[aT,a]) + (', ala + a[aT,a])aT>
1 1
_ - T Ty — _= T
= 4<2a a+2aa> 4<4a a+2>
— Ry
Similarly
1 1 1
— Zaf 1 121 = 2 1 21 — Z 04t T 1t
(s Ry] = Slafa+§,a") = Sa'la,a’?] = Saf (af[a,al] + [a.al]a")
= (a")?=2R,

Also notice that (R,) = R_. So taking the hermitian conjugate of the equation given

above we get

[Rs,R_| = —2R_
c) For this part we can use the simplification of a |n) and o' |n) given above. Thus
(n| Ry |m) = % (nlatat|m) = 3/(m +1)(m +2) (nm +2)
= 5V(m+1)(m+2)nms2
(R |m) = 3 (nlaalm) = §y/m(m —1) (njm —2)
= % m(m = 1) dpm—2

Problem 2

In this problem you will check orthonormality of two of the energy eigenstates for the os-
cillator using the explicit formulae for the wave functions. Consider the first and second
excited states of the oscillator given by the wave functions

o= = (25)' ot
vao) =l = ()" ;gHQ(@ 3¢
Hi(8) =2, Hy(§) = 4€* — 2



where { = \/mw/h .

a) Calculate (1]1), (2|2), (1|2) using the definition of the inner product

<me=/‘(mw;mn

(You must show how you worked out the integrals.)

Solution

With the given wave functions, we have
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1) = —== [ dé¢Hie ™
any = = [ ante
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212) = —= déH3 e *
o = =g [ dene

(1)2) ! 1/00 d¢H Hye €
= —= e
Jrd ) 1412
We can evaluate the needed integrals as follows.
0 2
/ dé&he ™t =0
—00
if n is an odd integer. From the given H; and H,, we see that H, H, is odd, so we imme-
diately have (1|2) = 0. Now consider the integral
oo ) 1
/ d€e ™ = \/ra 2
—00
Differentiating this with respect to a and setting it to 1, we find

Ioz/oodge—52 = VT
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Using these
) = 4 =1
T o2ym T
1 2
212) = —— [ dE(16€* — 1662 +4)e~¢
Q) = = [ aoe — 16 + e
1 16 x 3 1
= — —16x = +4 =1
8ﬁ< 1 6 5+ )ﬁ
Problem 3

Consider the harmonic oscillator with the eigenfunctions ,, of the Hamiltonian as given



in class. We take a state at time ¢ = 0 given by

Y = Ao + 1)

a) Find the normalization factor A.

b) Consider the wave function at time ¢ and calculate (z) and (p) at time ¢ using these
wave functions. (Your answers will have some time dependence.)

c¢) Show that for every odd value of n, the eigenfunctions v, (=) of the Hamiltonian for the

oscillator vanish at z = 0.

Solution

a) The wave functions vy and «; are orthonormal. Thus
/dw ¥ = [A[ [{0]0) + (0[1) + (1]0) + (1|1)] = |42 =1

This identifies A = (1/+/2), up to a phase.
b) The wave function at time ¢ is given by
1 —iw —13w
90 = 5 [T (al0) e (e

From the expressions for 2 and p given in Problem 1,

0]z |0) = (1[z[1) =0, (0]z|1) = 2i,<ya;yo>: _h
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Olpl0) = (1|p[1) =0, (0[p[1) =
Thus

W, tlelv,t) = o [(012]0) + (1]z[1) + e (0] z |1) + ™' (1] 2 |0)]

N | —

= coswt
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W, tlplv,t)y = = [(0]p[0) + (1| p|1) + e ™ (0] p|1) + ™" (1| p|0)]

Imhw .
= — 5 sin wt

Notice that (p) = m 4 ().

N | —

¢) The wave functions for the energy eigenstates of the oscillator were obtained in class

as

Un(@) = {lm = (%)Z \/zlmﬂn@) e3¢

where the Hermite polynomials H,,(&) are given by

<f - 85) e = H,(¢) e 2



¢ is proportional to = and hence the combination £ — a% changes sign under x — —z.
Therefore the odd Hermite polynomials are odd functions of z, i.e., H,(—z) = —Hp(x).
Thus H,,(0) = 0 for odd values of n, showing that the wave functions for odd »n will vanish

atx = 0.

Problem 4

Consider a particle which can move in one dimension, but on the haif-line 0 < z < oc.
Write down the condition for hermiticity of the momentum operator. What is the bound-
ary condition on the wave functions at z = 0 to ensure that the momentum operator has

the right hermiticity property?

Solution
Since the particle is on the interval 0 < x < oo, the condition for hermiticity of the

momentum operator p = —ihi(9/0z) is

o o .02\ [ oY1
/0 dx ] <—zh o ) _/0 dx < th—— o ) o
The right hand side of this equation, using integration by parts, is

/Ooodx (—m?l) by = /Oood m% o = —ih/ do i 52 ‘Z’Z mwm]?

= [ deui ( W) iniva)

We see that the hermiticity condition is satisfied if

Uive| = vi(00)a(oc) — U7(0) ¥(0) =

For normalizable wave functions for which we have ¢)(c0) = 0, this reduces to ¢/(0) = 0

for all wave functions, since the above equation should hold for any choice of ¢, 15.




