PHY V2500: QUANTUM MECHANICS I

Problem Set 5
Due November 11, 2025

Problem 1
In class I derived the formulae for the action of J.. on the angular momentum eigenstates
‘j? m>’

Jeljm) = h/j(j+1) —m(m+1) [j,m+1)

J-ljm) = m/j(G+1) = m(m—1) |j,m 1)

where J; = J; £ iJ,. You will find these formulae in my notes as well. Recall also that
J3 |j7 m> =mh ’jvm>

a) Use these formulae to calculate J1, Jo, J3 as matrices for j = 1. (I worked out the case
of j = 1 in class obtaining the Pauli matrices.) In the present case, you should get 3 x 3
matrices.

b) Use them to calculate the commutators [J;, J;] for all 7, j. Use matrix multiplication,

not operator identities.

Solution
a) For j = 1, we have three possible states corresponding to m = 1,0, —1. From the given
formula

J+‘171>:O7 J+‘17O>:h\/§’171>7 J+’17_1>:h\/§‘170>

The matrix elements are of the form (1, m/| J |1, m). Thus

10 0 0 v2 0
Js=hl0o 0 0|, Jr=h|0 0 +2
00 —1 0 0 0

J_ is the hermitian conjugate of .J, so we can easily write it down as

0 0 0
J_=h|v2 0 0
0 V2 0

We the find

. 010
leé(J“LJ_):ﬁ 10 1}, J_:—%(J+—J_):—i% -1 0
010



b) By matrix multiplication

1 0 0 010 0 1
K2 K2
JsJi=—=10 0 0 1 0 1| =—=10 0 O
3J1 7 NG
0 0 -1 01 O_ 0O -1 0
0 0 0
; K2
J1d3 = (Js ) == — (1 0 =1
1J3 (3)) ﬂ
00 0
Thus
0 1 O
w2 hJ:
J,J = — | =1 0 1| =1
[J3, J1] 7 9
0O -1 0
Similarly,
-1 0 1 -1 0 -1
U JoJi = (J1Jo) *
J1J2—270()0, 21—(12)——27.000
-1 0 1 1 0 1
Thus
-2 0 0
h2 )
[J1,J2] = 5% 0 0 0| =ihJs3
0O 0 2

The last relation [.J2, J3] = ihJ; follows the same way.

Problem 2

The orbital angular momentum operator is defined as
L=%xp, = L1 =ux9p3 —x3p2, Lo =wx3p1 — x1p3, Lz =z1p2 — 22p1

Using this definition and the Heisenberg algebra, calculate the commutators [L;, z;], [L;, p;],

foralli,j = 1,2, 3. Calculate also [L;, x? + x3 + z3].

Solution

The angular momentum operatoris L; = ), . €pcTppe. Thus

[Lis i) = €ive (06D 23] =D €ivey [pe, 5] == —ih Y €ivcty 0ej = ih > €ijot
b,c b

b,c b,c

[Lis ] =) €ive [x6pes pj] =D €ive [, pjlpe == ih Y _ €ipedpipe = ih Y _ €ijepe

b,c b,c b,c c



[Li,af + a3 +a3) = Y [Li,aja) = Z([Li, zjley + xj[Lial‘j])
J J
= ihz €ijk (xkxj + wjxk) =0
j.k
The last equality follows form the fact that ¢;;;, is antisymmetric in j, k and the bracketed
terms are symmetric in j, k, so various terms cancel out upon summation. Sincs the

commutator with the momentum has a similar form, we also have

[Li,p} +p5+p3] =0

Problem 3

We consider a two-particle system in one dimension with the Hamiltonian

h2 82 h2 82
H = _%C{Tx% — 277712871'% +V(m1 —.’EQ)
x1 and z- refer to the particles labeled 1 and 2 and likewise for the masses. I have written
this as a differential operator so that you do not have to worry about converting opera-
tors for a two-particle system to differential operator language. We define the center of

mass and relative coordinates by

miT1 + Mmoo
X=— ==

r=T1 — X2
my + mg

The wave function can be considered as a function of X and z rather than z;, 5. Write
down the time-independent Schrodinger equation for this problem, with H acting on
(X, z). You can use the chain rule to evaluate the derivatives, e.g.,

> N S TR
ox1 T Qxp X Oxp O my+me 00X Oz

Complete the calculation expressing the equation in terms of functions of X, zand deriva-

tives with respect to these. Notice that V' is already a function of x.

Solution

Let M = m; + ma. We already have

D g TOE O6_(m 0D
o V) = rax Yo T (M 3X+0x)w

In a similar way

) (me & D
92 <X"’5>—<Ma;<‘ag;)¢



Thus

@ — @i + 2 @i + 2 ¢
ax% N M o0X = Oz M o0X = Oz
m2 0% 9%y m1 0%

—= _— - 27
M?29X?2 + Ox? + M 6X0x

Pv _ (m o 0N(mo oY,
830% - M oX Oz M oX Oz
m% %y 0% 2m2 0%

M29X2 ' 92 M 0X0x

The Hamiltonian is thus

(1 0% 1 0%
H = —(—|——=L 4+ ——L 1%
2 <m1 Gm% + mo 81’%) + V()
h? rmy mo\ 0%  R% [ 1 1\ 0%y
- Gt 7 <ml+mg)axz+v<x>

R 9% h2 9%
= “onoxe [_max? ’ V@f)}

where
1 1 1

w B mip M2
1 is the reduced mass. The cross-derivative terms cancel out. The final Hamiltonian
shows that the center of mass motion is as a free particle of mass M, while the dynamics

of the relative motion has the reduced mass and the potential.

Problem 4
In this problem, we consider the Hamiltonian for an isotropic three-dimensional har-
monic oscillator given by

H = S 4 ) + 5 (0} + o+ )

2m 2

a) Calculate [L;, H].
b) From the commutator in part a, what is (0L, /0t)?
c) Write down the wave functions for the first excited state (there should be three such

states) and identify the values of L3 and L? for them.

Solution

a) We have already shown in problem 2 that [L;, 22 + 23 4+ 23] = [L;, p? + p3 +p?] = 0. Thus
L, H] = 0.

b) We also have

ih% (af Lila) = {a| LiH — HL; |a) = {e| [Li, H] [e) = 0



¢) The Hamiltonian consists of three harmonic oscillators corresponding to the three

directions, of the same frequency and mass. Thus we can define

a; = MY s + 1 bi af = ¥ D
' 2n " 2mhw’ " 2h " 2mhw
h

(a; —a])

x; = (a; +%T)a pi = —1 5

Do
3
&

where the subscripti = 1,2, 3. The first set of excited states are given by a:[ |0), there are
three of them. Also

. h mhw
L3 = xi1py — xop1 = —i ooV T2 {(m + a{)(ag - ag) — (a2 + a%)(al - ai)
= —ik(alay — alay)
L, = —ih(agag - a};ag), Ly = —ih(a};al - aiag)
These may be combined as L; = —ih ank Gijka;ak. Thus
LiL; = (—ih)? Z eijkeibca;akaZac S Z a;ak(a;ak — a};aj)
.k
= —R? Z [ al jak + djk)ak — aT(aLak + 5kk)a]:|

= R [Qakak — aTaTakak + aTa;rcaka]]

On a state with only one a', the last two terms in L2 give zero since there are two a’s,
using ay, |0) = 0. Thus Lzal |0) = 2h2aj. |0). This corresponds to [ = 1. For the action of

L3, we find from the given expression,

.|_

Lsal|0) = —ih(alag — abar)al|0) = —in(alalas|0) — abala, 0)) =0
L3a1 0) = —ih(a{ag — agal)aI |0) = ihag |0)
Lsab |0) = —ih(alay — abay)al |0) = —ikal |0)

Ls(al +ial) 0y = +n(al £ial)|0)

For ! = 1, we should get 3 states with L3 values equal to %, 0, —k. So the first excited states

of the 3d oscillator can be identified as

1,00 =ak[0), [1,1) = (al +iad)[0), [1,-1) = (a] —ia})|0)




